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Abstract
The rapid advancement of large language models (LLMs) has rev-

olutionized natural language processing, enabling breakthrough

performance on various tasks. However, fine-tuning these models

in a federated setting, where data is distributed across multiple

participants, raises critical challenges regarding data privacy, com-

munication, and computation efficiency. Existing approaches for

federated fine-tuning of LLMs, such as FedLoRA and FLoRA, face a

fundamental trade-off between expressiveness and efficiency due

to the constraints on the rank of the low-rank adaptation (LoRA)

matrices used to update the model. In this paper, we propose Feder-

ated Gradient Boost Adaptation (FedGBA), a novel framework that

leverages the power of ensemble learning to address this trade-

off. FedGBA iteratively learns a series of weak LoRA models, each

focusing on correcting the errors of the previous ones, and com-

bines them to create a strong federated model. By doing so, FedGBA
achieves high expressiveness while using low-rank updates, sig-

nificantly reducing the communication and computational costs

compared to existing approaches. We provide a theoretical analysis

of FedGBA, establishing convergence guarantees and expressive-

ness bounds that characterize the relationship between the number

of boosting rounds, the rank of the LoRA matrices, and the ap-

proximation error. Our experimental results on a range of natural

language processing tasks demonstrate that FedGBA consistently

outperforms standard federated learning approaches, achieving

better performance while using significantly fewer parameters.
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1 Introduction
The rapid growth of large language models (LLMs) has opened up

new possibilities for natural language processing, enabling break-

throughs in a wide range of applications [4, 6, 31]. However, devel-

oping and deploying these powerful models raises critical concerns

about data privacy, security, and the responsible use of AI [23].

As LLMs are increasingly being trained on sensitive user data, it

is crucial to develop methods that allow for efficient fine-tuning

while safeguarding the privacy of individuals [20]. As LLMs are

increasingly being trained on personal data, it is crucial to develop

methods that allow for efficient fine-tuning while safeguarding

the privacy of individuals [20]. This is particularly important in

the context of responsible web applications, where LLMs are often

integrated to enhance user experiences through features such as

intelligent search, content recommendation, and natural language

interfaces.

Federated learning has emerged as a promising approach for

training models on decentralized data, enabling multiple parties

to collaborate without directly sharing their data [27, 28]. How-

ever, fine-tuning LLMs in a federated setting presents significant

challenges in terms of efficient communication, computational over-

head, and accurate model aggregation [25, 39]. Recent works, such

as FedLoRA [42] and FLoRA [41], have explored the integration

1
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of low-rank adaptation (LoRA) [18] with federated learning, sig-

nificantly reducing the communication and computational costs

compared to full model fine-tuning while maintaining comparable

performance.

Despite these advances, integrating LoRA with federated learn-

ing introduces new challenges in the aggregation stage. While

LoRA reduces the size of parameter updates from individual clients,

the process of aggregating these low-rank updates across multi-

ple participants introduces additional computational complexity

and potential accuracy loss. Standard aggregation methods such

as FedAvg can lead to mathematical inaccuracies when applied to

LoRA matrices, while more sophisticated aggregation schemes may

increase computational overhead at the server [43]. This means

that in practice, the efficiency gains promised by LoRA in federated

settings are often diminished by the complexities of the aggregation

process. This challenge becomes particularly acute as the number

of participating clients grows, creating a bottleneck at the aggre-

gation stage that can limit the scalability of federated learning

with LoRA. The need to maintain accurate model updates while

keeping the aggregation process efficient and scalable remains a

significant obstacle in deploying LoRA-based federated learning

systems [13, 15, 24].

To address this challenge, we propose Federated Gradient Boost

Adaption (FedGBA), a novel framework that leverages the power

of ensemble learning to enable efficient and accurate aggrega-

tion in federated fine-tuning of LLMs. Inspired by gradient boost-

ing [10, 11], FedGBA iteratively learns and aggregates a series of

simple LoRA models from clients. By decomposing the adaptation

process into a sequence of lightweight updates that can be efficiently

aggregated, FedGBA simplifies the aggregation stage while main-

taining model performance. This approach significantly reduces

both the computational overhead at the server and the communica-

tion costs between clients. The key contributions of our work are

as follows:

i. We introduce FedGBA, a novel federated learning framework

that leverages gradient boosting for efficient and accurate ag-

gregation of LoRA updates. By decomposing the adaptation

process into a sequence of simple updates, we simplify the

aggregation step while maintaining model performance.

ii. We provide theoretical analysis of FedGBA, establishing conver-

gence guarantees and aggregation error bounds that character-

ize how the boosting mechanism enables accurate model aggre-

gation with reduced computational complexity. Our analysis

provides insights into the trade-offs between aggregation accu-

racy, computational cost, and the number of boosting rounds.

iii. Through extensive experiments on a range of natural language

processing tasks, we demonstrate that FedGBA significantly re-

duces server-side computational overhead while maintaining

or improving model performance compared to existing feder-

ated learning approaches. Our results show that FedGBA scales

efficiently with the number of clients while preserving the ac-

curacy of aggregated updates.

2 Related Works
Fine-tuning on Foundation Model has become a prevailing ap-

proach for adapting these models to specific downstream tasks [7, 8,

16, 18]. The process involves training the model on a task-specific

dataset, usually with a smaller learning rate compared to pre-

training, to adapt its parameters to the target task. Fine-tuning

has been successfully applied to a wide range of natural language

processing tasks, including text classification, question answering,

and natural language inference [4, 21, 30, 37]. However, fine-tuning

LLMs faces several challenges. A major challenge is the compu-

tational complexity and memory requirements associated with

updating billions of model parameters, which can be prohibitively

expensive and time-consuming [1–3, 5, 19, 32, 34, 35, 37, 38, 46].

Additionally, the limited availability of labeled data for specific

tasks poses challenges in terms of sample efficiency and generaliza-

tion ability [47]. To address these challenges, various approaches

have been proposed to improve the efficiency and effectiveness

of LLM fine-tuning. One notable technique is LoRA [17] which

freezes the pre-trained model’s weights and introduces a low-rank

matrix to adapt the model to new tasks. LoRA reduces the number

of trainable parameters and reduces the computational burden of

LLM fine-tuning. Recently, [43] provided theoretical results that

characterize the expressive power of LoRA for Fully Connected

Neural Networks (FCNN) and Transformer Networks (TFN), which

identify the necessary rank of LoRA for adapting a frozen model

to exactly match a target model. For Transformer networks, any

model can be adapted to a target model of the same size with LoRA

adapters of rank_r=embedding_size/2.

Fine-tuning on Federated Foundation Model. Recent advances
in federated fine-tuning of Large Language Models (LLMs) have

led to the development of FedIT [44] and FLoRA FLoRA [40], two

significant contributions in this field. FedIT, introduced by Zhang

et al. [44], integrates Low-Rank Adaptation (LoRA) with Federated

Averaging (FedAvg) to enable efficient, privacy-preserving fine-

tuning of LLMs. While FedIT significantly reduces computational

and communication costs by focusing on LoRA parameters, it faces

limitations due to significant aggregation noise and homogeneity

constraints. FLoRA, building upon FedIT, addresses these limita-

tions by introducing a novel stacking-based aggregation method

for LoRA modules, eliminating mathematical inaccuracies present

in FedIT’s averaging method and supporting heterogeneous LoRA

ranks across clients.

Gradient Boosting. Friedman [10, 11] is a powerful ensemble

learning technique combining multiple weak learners to create a

strong learner. The theoretical foundations of gradient boosting

have been extensively studied, providing insights into its conver-

gence properties, generalization ability, and robustness to overfit-

ting. A seminal work on gradient boosting theory by Zhang and

Yu [48] proved that gradient boosting achieves the optimal con-

vergence rate for a broad class of loss functions, highlighting its

theoretical optimality. Koltchinskii and Panchenko [22] further

investigated theoretical properties of gradient boosting from the

perspective of empirical risk minimization. They derived bounds

on the generalization error of gradient boosting and showed that

the technique is resilient to overfitting when the base learners are

weak and the step size is chosen well. They include insights into its

convergence behavior, generalization ability, and robustness, which

are relevant to the theoretical analysis of our FedGBA framework.

2
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3 Preliminary
Low-Rank Adaptation (LoRA) [17]. Fine-tuning large language

models typically involves updating all the parameters of the pre-

trained model to adapt it to a downstream task. This can be formally

represented as:

𝑾 =𝑾0 + Δ𝑾 , (1)

where𝑾0 ∈ R𝑑×𝑘 is the pre-trained weight matrix and Δ𝑾 is the

update matrix learned during fine-tuning. However, this approach

has several disadvantages. Updating all the parameters of a large

language model is computationally expensive, requiring significant

time and resources. Storing separate copies of the fine-tunedmodels

for each downstream task can be memory-intensive, especially

when dealing with large models and multiple tasks. Fine-tuning all

the parameters on a relatively small downstream dataset can lead

to overfitting, especially when the target task has limited data.

Low-Rank Adaptation (LoRA) [18] addresses these issues by

proposing a parameter-efficient fine-tuning technique designed

specifically for adapting large language models to downstream

tasks. The key idea behind LoRA is to freeze the pre-trained model’s

weights and inject trainable low-rank matrices into each layer of

the model. By doing so, LoRA significantly reduces the number

of trainable parameters while still allowing the model to adapt to

specific tasks. Formally, let𝑾 ∈ R𝑑×𝑘 be the weight matrix of a

fully connected layer in a pre-trained language model, where 𝑑 is

the input dimension and𝑘 is the output dimension. LoRA introduces

a low-rank decomposition of the updated weight matrix:

𝑾 =𝑾0 + Δ𝑾 , s.t. Δ𝑾 = 𝑨𝑩, (2)

where𝑾0 is the original pre-trained weight matrix, 𝑨 ∈ R𝑑×𝑟 and
𝑩 ∈ R𝑟×𝑘 are trainable matrices, and 𝑟 is the rank of the adaptation.

During fine-tuning, only the matrices 𝑨 and 𝑩 are updated, while

the original weights𝑾0 remain frozen. This reduces the number

of trainable parameters from 𝑑𝑘 to (𝑑 + 𝑘)𝑟 , which is significantly

smaller when 𝑟 ≪ min(𝑑, 𝑘). LoRA offers several advantages over

traditional fine-tuning methods. By updating only the low-rank

matrices, LoRA significantly reduces the computational cost of

fine-tuning large language models. LoRA eliminates the need to

store separate copies of fine-tuned models, as the original model

weights remain unchanged, and only the low-rank matrices need to

be stored for each task. By freezing the original model weights and

learning only a small number of task-specific parameters, LoRA

reduces the risk of overfitting on small downstream datasets.

Remarkably, despite its parameter efficiency, LoRA has been

shown to achieve performance comparable to or even better than

full fine-tuning on various natural language processing tasks [43],

making it a promising technique for efficient and effective model

adaptation. However, LoRA has a theoretical limitation [43]. To

fully recover the performance of fine-tuning, the rank of the adapta-

tion matrices must satisfy 𝑟 ≥ embedding_size/2. In practice, much

smaller ranks (e.g., 𝑟 ∈ [8, 32]) are often used to trade-off perfor-

mance with efficiency. The discrepancy between the theoretical

optimum and practical usage leads to a performance gap. Increasing

the rank to satisfy the theoretical requirement increases memory

usage and computational complexity, negating the benefits of LoRA

by making it as costly as the full fine-tuning strategy.

Federated Fine-tuning with LoRA [40, 42]. It combines the

parameter-efficient fine-tuning capabilities of LoRAwith the privacy-

preserving nature of federated learning (FL) [14]. In this setting,

multiple clients collaborate to fine-tune a pre-trained language

model using LoRA while keeping their local data private. The pro-

cess can be described as follows:

i. Initialization. The server initializes a pre-trained Foundation

Model𝑾0 and sends it to the clients.

ii. Local Low-Rank Adaptation. Each client𝑚 initializes their local

low-rank adaptation matrices 𝑨𝑚 and 𝑩𝑚 and trains them on

their local data D𝑚 to minimize the local objective:

min

𝑨𝑚,𝑩𝑚

L𝑚 (𝑾0 +𝑨𝑚𝑩𝑚 ;D𝑚) .

iii. Local Update Communication. The clients send their updated

low-rank adaptation matrices 𝑨𝑚 and 𝑩𝑚 (or some function of

these matrices) to the server.

iv. Server Aggregation. The server aggregates the updates received
from the clients to obtain a global update. The specific aggrega-

tion method can vary (see below for possible options).

v. Global Model Update. The server updates the global model using

the aggregated update and sends the updated model (or the

update itself) back to the clients.

vi. Iteration. Steps ii-v are repeated until convergence or a desired

number of rounds is reached.

Federated fine-tuning with LoRA offers several advantages, such

as reducing communication costs compared to sharing full model

updates and preserving data privacy by keeping the data decentral-

ized. However, it also introduces new challenges that are related to

the limitations of LoRA discussed earlier.

The choice of aggregation method in step iv of the generalized

framework can significantly impact the performance, communica-

tion efficiency, and accuracy of the federated fine-tuning process.

Below we discuss two popular aggregation methods.

Federated Averaging (FedAvg). The server computes the average

of the low-rank adaptation matrices received from the clients:

¯𝑨 =
1

𝑀

𝑀∑︁
𝑚=1

𝑨𝑚, 𝑩̄ =
1

𝑀

𝑀∑︁
𝑚=1

𝑩𝑚 .

The global model is then updated using the averaged matrices:

𝑾𝑎𝑣𝑔 =𝑾0 + ¯𝑨𝑩̄. Due to the cross interaction between
¯𝑨 and 𝑩̄ in

their matrix product, this averaging approach introduces mathe-

matical inaccuracies as
1

𝑀

∑𝑀
𝑚=1

𝑨𝑚𝑩𝑚 ≠ ¯𝑨𝑩̄.

Federated Stacking (FedStack). The server first collects the local
LoRA matrices 𝑨𝑚𝑩𝑚 and then stacks them as:

¯𝑨 = [𝑨1,𝑨2, . . . ,𝑩𝑀 ] and 𝑩̄ = [𝑩1,𝑩2, . . . ,𝑩𝑀 ] . (3)

The Δ𝑾𝑠𝑡𝑎𝑐𝑘 is computed as Δ𝑾𝑠𝑡𝑎𝑐𝑘 = ¯𝑨𝑩̄ which results in the

exact aggregation of LoRA module:

Δ𝑾𝑠𝑡𝑎𝑐𝑘 = ¯𝑨𝑩̄ =

𝑀∑︁
𝑚=1

𝑨𝑚𝑩𝑚 ≠ Δ𝑾𝑎𝑣𝑔 . (4)

However, such an exact aggregation comes at the cost of increased

communication overhead, as the size of stacked matrices grows

linearly with the number of clients 𝑀 , making it impractical for

scenarios with many participants.

3
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Figure 1: The pipeline of FedGBA: A global booster is aggregated via collect the local booster. Then, it merge to the FM model to
ensemble the strong model. In the next iteration, new LoRA booster is then learnt.

4 Methodology
Below, we present the FedGBA method, an iterative fine-tuning

framework inspired by Gradient Boosting in FL. The key stages

in each GB iteration include tuning a LoRA module as a booster,

merging it into the pre-trained model, and initializing a new LoRA

booster to progressively refine the ensemble FFM. This process lets

FedGBA apply the principle of weak learner (build strong ensemble

with weak predictors) to reduce the communication cost while

maintaining superior performance compared to other methods.

4.1 Gradient Boosting Perspective of LoRA
Gradient Boosting (GB) [10] is a powerful ensemble learning tech-

nique that combines multiple weak learners to create a strong

learner. The key idea is to iteratively train a sequence of models,

each of which corrects the mistakes of the preceding model. At

each iteration, the model is trained to minimize the residual error

between the current predictions and the target outputs.

Formally, let D =
{
(𝒙𝑖 , 𝑦𝑖 )

}𝑁
𝑖=1

be a dataset with 𝑁 samples,

where 𝒙𝑖 ∈ R𝑑 is the input feature vector and 𝑦𝑖 ∈ R is the corre-

sponding target output. The goal of gradient boosting is to learn a

functionM(𝒙) that maps the input features to the target outputs.

The functionM(𝒙) is expressed as a sum of 𝑇 boosters 𝑓 (𝑡 ) (𝒙):

M(𝒙) =
𝑇∑︁
𝑡=1

𝑓 (𝑡 ) (𝒙) . (5)

The weak learners 𝑓 (𝑡 ) (𝒙) are typically simple models, such as

decision trees or linear models that are trained to minimize the

residual error. At each iteration 𝑡 , the residual error 𝑟𝑡
𝑖
for the 𝑖-th

example is computed as:

𝑟
(𝑡 )
𝑖

= 𝑦𝑖 −M (𝑡−1) (𝒙𝑖 ), (6)

whereM𝑡−1 (𝒙) is the cumulative model up to the previous iter-

ation. The booster 𝑓 (𝑡 ) (𝒙) is then trained to minimize the loss

function L𝑡 defined over the residual errors:

L𝑡 =
𝑁∑︁
𝑖=1

ℓ
(
𝑓 (𝑡 ) (𝒙𝑖 ), 𝑟 (𝑡 )𝑖

)
, (7)

where ℓ (·) is a differentiable loss function, such as squared or ab-

solute error loss, 𝑁 is the number of samples, andM (𝑡−1)
is the

fixed model from the previous iteration whose parameters are not

updated during backpropagation. After training the booster 𝑓𝑚 (𝒙),

the cumulative model 𝐹𝑚 (𝒙) is updated as:

M (𝑡 ) (𝒙) =M (𝑡−1) (𝒙) + 𝜂𝑓 (𝑡 ) (𝒙), (8)

where 𝜂 is a learning rate that controls the contribution of the

booster to the final model. The gradient boosting algorithm itera-

tively repeats this process of computing residual errors, training

boosters, and updating the cumulative model for a fixed number of

iterations 𝑇 or until a convergence criterion is met.

Low-Rank Adaptation (LoRA) [18] can be seen as a special case

of gradient boosting with 𝑇 = 1, where the pre-trained model𝑾0

serves as the initial modelM (0) (𝒙), and the LoRA update Δ𝑾 (1) =
𝑨(1)𝑩 (1) serves as a single booster 𝑓 (1) (𝒙). In this context, the

LoRA update is trained to minimize the residual error between the

pre-trained model’s predictions and the target outputs as:

L =

𝑁∑︁
𝑖=1

ℓ
(
(𝑾 (0) +𝑨(1)𝑩 (1) )𝒙𝑖 , 𝑦𝑖

)
. (9)

Generally, at the end of each gradient booster iteration 𝑡 , the

ensemble modelM (𝑡 ) is obtained by adding the LoRA booster to

the pre-trained model:

𝑾 (𝑡 ) =𝑾 (𝑡−1) + 𝜂𝑨(𝑡 )𝑩 (𝑡 ) . (10)

After ensembling the booster 𝑨(𝑡 )𝑩 (𝑡 ) at iteration 𝑡 , new LoRA

booster matrices 𝑨(𝑡+1) and 𝑩 (𝑡+1) are initialized for the next iter-

ation 𝑡 + 1. The above scheme highlights the connection between

LoRA and gradient boosting andmotivates the idea of extending the

gradient boosting framework to federated fine-tuning with LoRA.

4.2 Federated Gradient Boosting Adaption
(FedGBA)

Let D𝑚 be the local dataset resided in the𝑚-th client. The goal of

FedGBA is to operate in a federated learning setting where multiple

clients collaborate to fine-tune a shared LLMM0
without directly

exchanging their private data D𝑚 . The key components of the

model include: 1) a pre-trained LLMM (0) shared across all clients,

2) a central server S for aggregation and coordination and clients

{C𝑚}𝑀𝑚=1
for local training, 3) local LoRA booster on each client

C𝑚 , and 4) a gradient boosting framework for iterative refinement.

Initialization. The server S distributes the pre-trained Founda-

tional Model (FM) parameters to all𝑀 participating clients to ini-

tialise the process. A typical FM consists of multiple projection
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matrices (e.g., query, key, value, and output matrices) in the self-

attention mechanism and weight matrices in the feedforward net-

work. For simplicity, we denote these weight matrices in the FM

as 𝑾 (0) . At each GB iteration 𝑡 , client C𝑚 adapts these matrices

𝑾 (0) by initializing two low-rank matrices: 𝑨(𝑡 )𝑚 ∈ R𝑑×𝑟𝑚 and

𝑩 (𝑡 )𝑚 ∈ R𝑟𝑚×𝑘 . Here, 𝑟𝑚 represents the rank used by client𝑚, 𝑑 is

the input dimension, and 𝑘 is the output dimension of the adapted

weight matrix.

Training LoRA Boosters. Let D𝑚 =
{
(𝒙𝑖 , 𝑦𝑖 )

}𝑁
𝑖=1

be the local

dataset with 𝑁 samples, where 𝒙𝑖 is the input and 𝑦𝑖 is the target
output. For each weight matrix𝑾 (𝑡−1)

in layer 𝑙 of FM, the corre-

sponding LoRA matrices 𝑨(𝑡 ) and 𝑩 (𝑡 ) are learned by minimizing

the loss function L𝑡 defined over the current model predictions

and the target outputs:

L𝑡 =
𝑁∑︁
𝑖=1

ℓ

(
M (𝑡−1) (𝒙𝑖 ) + 𝑓 (𝑡 ) (𝒙𝑖 ), 𝑦𝑖

)
+ 𝜆

(

𝑨(𝑡 )

2

𝐹
+



𝑩 (𝑡 )

2

𝐹

)
,

(11)

whereM (𝑡−1) (·) is the fixed model from previous iteration (not

involved in backpropagation), 𝑓 (𝑡 ) (·) represents the current LoRA
booster being trained, ℓ (·) is a differentiable loss function (e.g.,
cross-entropy), 𝜆 is a regularization coefficient.

In each GB iteration 𝑡 , we minimize the target L𝑡 for 𝜅 training

steps. Since the parameters 𝑾 (𝑡−1)
in previous model M (𝑡−1)

are frozen (not trainable), the LoRA booster

(
Δ𝑾 (𝑡 ) = 𝑨(𝑡 )𝑩 (𝑡 )

)
focuses on learning the residual correction needed on top of the

previous model’s predictions.

Secure Global Booster Aggregation. After obtaining residual

correction boosters from each client, the server S needs to aggre-

gate these updates. For building the global booster at iteration 𝑡 ,

two strategies can be applied:

• Federated Stacking: For each client’s residual correction at GB

iteration 𝑡 , we decompose𝑨(𝑡 )𝑚 and𝑩 (𝑡 )𝑚 into rank-1 sub-modules:

𝑨(𝑡 )𝑚 = [𝒂𝑚,1, 𝒂𝑚,2, . . . , 𝒂𝑟𝑚 ],𝑩
(𝑡 )
𝑚 = [𝒃𝑚,1, 𝒃𝑚,2, . . . , 𝒃𝑟𝑚 ]⊤, (12)

where 𝒂𝑖 ∈ R𝑑 and 𝒃⊤
𝑖
∈ R𝑘 are column and row vectors respec-

tively. Then we create a pool of all rank-1 sub-modules from all

clients:

A = {𝑝𝑚 · 𝒂𝑚,𝑖 | for all𝑚 and 𝑖},B = {𝒃𝑚,𝑖 | for all𝑚 and 𝑖}, (13)

where 𝑝𝑚 = 𝐵𝑚/
( ∑𝑀

𝑚=1
𝐵𝑚

)
are scaling factors based on client

batch sizes. We apply a random permutation to A and B sepa-

rately and stack the permuted sub-modules to form the global

correction matrices
¯𝑨(𝑡 ) and 𝑩̄ (𝑡 ) :

¯𝑨(𝑡 ) =
[
𝑎′

1
, 𝑎′

2
, . . . , 𝑎′𝑟𝑚×𝑀

]
𝑩̄ (𝑡 ) =

[
𝑏′

1
, 𝑏′

2
, . . . , 𝑏′𝑟𝑚×𝑀

]⊤
, (14)

where 𝑎′
𝑖
and 𝑏′

𝑖
are the permuted sub-modules, 𝑁 = ∥A∥ =∑𝑀

𝑚=1
𝑟𝑚 is the total number of sub-modules.

• FedAvg:Alternatively, we can perform averaging of the residual
corrections:

¯𝑨(𝑡 ) =
𝑀∑︁
𝑚=1

𝑝𝑚𝑨(𝑡 )𝑚 and 𝑩̄ (𝑡 ) =
𝑀∑︁
𝑚=1

𝑩 (𝑡 )𝑚 . (15)

Merging Global Booster with the BaseModel. TheS broadcasts

the global LoRA matrices
¯𝑨(𝑡 )
𝑙

and 𝑩̄ (𝑡 )
𝑙

to all clients and updates

the ensemble modelM (𝑡 ) by merging the LoRA booster into the

corresponding weight matrix𝑾 (𝑡−1)
from the previous iteration

inM (𝑡−1)
:

𝑾 (𝑡 ) ←𝑾 (𝑡−1) + 𝜂𝑡 ¯𝑨(𝑡 ) 𝑩̄ (𝑡 ) , (16)

where 𝜂𝑡 is a learning rate that controls the contribution of LoRA

matrices. By absorbing the learning rate 𝛼𝑡 into the LoRA matrices,

we simplify the notation and make it clear that the effective update

to the weight matrices is directly determined by the learned LoRAs.

Thus in our case 𝜂𝑡 = 1.

4.3 Efficient Aggregation via Sequential Updates
To address the challenges of aggregating LoRA updates in feder-

ated learning, FedGBA adopts a sequential update strategy using

rank-1 matrices. This approach serves two critical purposes: mini-

mizing interference between updates from different clients during

aggregation, and reducing communication overhead.

Minimal Cross-Client Interference. As shown in the prelim-

inaries section, aggregating higher-rank LoRA updates leads to

mathematical inaccuracies since
1

𝑀

∑𝑀
𝑚=1

𝑨𝑚𝑩𝑚 ≠ ¯𝑨𝑩̄. By using

rank-1 updates, weminimize these cross-term effects as each update

captures a single direction of adaptation, making the aggregation

process more accurate and stable.

Communication-Efficient Updates. Rank-1 updates also provide
significant communication benefits, requiring only 𝑑 +𝑘 parameters

to be transmitted instead of 𝑟 (𝑑 + 𝑘) parameters in standard LoRA

with rank 𝑟 . This reduction in update size is particularly beneficial

in federated settings where communication bandwidth is often the

primary bottleneck.

FedGBA offers several advantages over other federated fine-

tuning approaches:

1) Clean Aggregation: Rank-1 updates minimize the interfer-

ence between client contributions during aggregation, leading

to more accurate and stable model updates.

2) Reduced Communication: The rank-1 structure signifi-

cantly reduces communication overhead between clients and

the server, making it particularly suitable for bandwidth-

constrained federated learning scenarios.

Complexity Analysis of FedGBA. Table 1 compares the cost of

FedGBA and other methods in terms of local training cost, commu-

nication cost, and total cost. The local training cost 𝛼 represents

the computational cost for training on a single client per iteration,

while the communication cost 𝛾 represents the cost of transmitting

updates between clients and server. The total cost includes these

components plus a fixed initialization cost 𝛽 .

FedGBA achieves substantial reductions in both computation and

communication costs through its rank-1 update strategy. Compared

to methods using fixed rank 𝑅, FedGBA reduces the local training
cost by a factor of 𝑅 and the communication overhead by the same

factor. This is reflected in the total cost, where FedGBA requires

only𝑀𝛼𝑇 /𝑅 cost compared to𝑀𝛼𝑇 for standard approaches.
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Table 1: Comparison of computational and communication
costs. By definition, LoRA uses rank 𝑟 ≜ 𝑅 and FedGBA uses
𝑟 ≪ 𝑅. Here, 𝛼 : comp. cost for LoRA (𝑟 ≜ 𝑅) adapter; 𝛽: comp.
cost for base model;𝑀 : total clients; 𝛾 : comm. cost per rank-1
matrix; 𝑇 : boosting iterations.

Method Agg. Strategy Local Cost Total Cost

LoRA (𝑟 ≜ 𝑅) Centralized 𝛼 𝑀𝛼𝑇 + 𝛽
FedIT (𝑟 = 𝑅) Avg. 𝛼 𝑀𝛼𝑇 + 𝛽 + 𝛾𝑅𝑀
FLoRA (𝑟 = 𝑅) Stacking 𝛼 𝑀𝛼𝑇 + 𝛽 + 𝛾𝑅𝑀2

FedGBA (𝑟 = 1) Avg. 𝛼/𝑅 𝑀𝛼𝑇 /𝑅 + 𝛽 + 𝛾𝑀
FedGBA (𝑟 = 1) Stacking 𝛼/𝑅 𝑀𝛼𝑇 /𝑅 + 𝛽 + 𝛾𝑀2

5 Theoretical Analysis of FedGBA
Notation and Assumptions. We consider a federated learning

setting with𝑀 clients, where each client𝑚 has a local dataset D𝑚 .

Let𝑾 (𝑡 ) denote the global model at communication round 𝑡 . For

each client𝑚, we define local LoRA update matrices 𝑨(𝑡 )𝑚 and 𝑩 (𝑡 )𝑚
at round 𝑡 , and E𝑇 = E

[


∇W(𝑇 )L(W(𝑇 ) ) −∑𝑇
𝑡=1

Ā(𝑡 ) (B̄(𝑡 ) )𝑇




𝐹

]
.

We make the following assumptions: 1) The global loss function

L(𝑾 ) is 𝛽-smooth and 𝜇-strongly convex. 2) The local loss func-

tions L𝑚 (𝑾 ) have 𝐿-Lipschitz continuous gradients. 3) The gradi-
ents of local loss functions are bounded: ∥∇L𝑚 (𝑾 )∥𝐹 ≤ 𝐺 for all

𝑚 and𝑾 .

Lemma 5.1 (FedGBA Gradient Approximation - Stacking). For the
stacking strategy in FedGBA, after T rounds of updates with K clients
selected out of M total clients in each round, the update approximates
the full gradient update with error:

E𝑇 = 𝑂

(
1

√
𝐾𝑟0
+

√︂
𝑀 − 𝐾
𝐾𝑀

+ 1

√
𝑇

)
, (17)

where 𝑟0 is the LoRA rank per client. 𝐾 is the number of selected
clients per round.𝑀 is the total number of clients. 𝑇 is the number of
update rounds.

Lemma 5.2 (FedGBAGradient Approximation - Averaging). For the
averaging strategy in FedGBA, after T rounds of updates with K clients
selected out of M total clients in each round, the update approximates
the full gradient update with error:

E𝑇 = 𝑂

(
1

√
𝑟0
+

√︂
𝑀 − 𝐾
𝐾𝑀

+ 1

√
𝑇
+ 1

√
𝐾

)
, (18)

where 𝑟0 is the LoRA rank per client, K is the number of selected clients
per round, M is the total number of clients, and T is the number of
update rounds.

Lemma 5.3 (Accumulated Update Bound). For the FedGBA update
process, the accumulated LoRA updates satisfy:

∥Ā(𝑇 ) ∥𝐹 , ∥B̄(𝑇 ) ∥𝐹 =

{
𝑂 (𝑇
√
𝐾), for Stacking

𝑂 (𝑇 ), for Averaging
(19)

where T is the number of update rounds and K is the number of
selected clients per round.

Theorem 5.4 (FedGBA Convergence - Stacking). Under the FedGBA
update process with stacking aggregation, T update rounds, K selected
clients per round out of M total clients, and rank-𝑟0 LoRA updates per

0
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(b) Stacking

Figure 2: A visualization of error bound in Th. 5.6 w.r.t. to
the # clients 𝐾 and LoRA rank 𝑟 / GB iteration 𝑇 .

client, we have:

E[L(W(𝑇 ) )] − L∗ = 𝑂
(

1

√
𝑇
+ 1

𝑟0
+

√︂
𝑀 − 𝐾
𝐾𝑀

)
, (20)

where L∗ is the optimal loss.

Theorem5.5 (FedGBAConvergence - Averaging). Under the FedGBA
update process with averaging aggregation, T update rounds, K se-
lected clients per round out of M total clients, and rank-𝑟0 LoRA
updates per client, we have:

E[L(W(𝑇 ) )] − L∗ = 𝑂
(

1

√
𝑇
+ 1

𝑟0
+

√︂
𝑀 − 𝐾
𝐾𝑀

+ 1

√
𝐾

)
. (21)

Theorem 5.6 (FedGBA Expressiveness). Let 𝑓 ∗ be any function in
the original function class, and 𝑓𝑇 be the function represented by the
FedGBA-updated network after T update rounds. Then:

E𝒙∼D [(𝑓𝑇 (𝒙)−𝑓 ∗ (𝒙))2] =


𝑂

(
1√
𝐾𝑟0

+ 1√
𝑇
+

√︃
𝑀−𝐾
𝐾𝑀

)
, (Stacking)

𝑂

(
1

𝑟0

+ 1√
𝐾𝑇
+

√︃
𝑀−𝐾
𝐾𝑀

)
, (Averaging)

(22)

where D is the data distribution, 𝑟0 is the rank per client, K is the
number of selected clients per round, M is the total number of clients,
and T is the number of update rounds.

These theoretical results provide key insights into FedGBA’s be-
havior in federated settings. The gradient approximation lemmas

(Lemmas 5.1 & 5.2) reveal how aggregation error scales with key

parameters, showing that stacking achieves better stability by avoid-

ing the
1√
𝐾

term that appears in averaging due to cross-client

interference. Lemma 5.3 bounds the growth of accumulated up-

dates, demonstrating how stacking and averaging differ in their

dependence on the number of clients. The convergence theorems

(Theorems 5.4 & 5.5) characterize the optimization behavior for

both aggregation strategies. Both achieve𝑂
(

1√
𝑇

)
convergence rates

and 𝑂
(

1

𝑟0

)
rank dependency, with additional terms reflecting their

distinct aggregation mechanisms. Notably, the averaging strategy

incurs an extra
1√
𝐾

term due to client averaging effects, while

stacking avoids this penalty. Theorem 5.6 and Figure 2 extend these

insights to expressiveness, showing that stacking achieves𝑂
(

1√
𝐾𝑟0

)
approximation error through effective client collaboration, while

averaging requires more iterations

(
𝑂

(
1√
𝐾𝑇

) )
to compensate for

its aggregation instability. These results support three key design

choices in FedGBA: 1) the effectiveness of rank-1 updates when

6
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Table 2: MMLU and MT-bench comparison of LLaMA 7B, Tiny-LLaMA 1B on four fine tuning datasets. Results of baseline
methods (*) are extracted from [40]. "Avg." means using averaging aggregation, and "Stacking" denotes the stacking aggregation.

Foundation Agg. Strategy Fine-tuning MMLU MT-bench
model algorithm Dolly Alpaca Wizard Wizard ShareGPT

Tiny-LLaMA

Centralized LoRA∗ 27.99 28.03 29.13 2.34 2.79
Avg. FedIT∗ 16.35 30.02 42.51 2.92 2.55

Stacking FLoRA∗ 30.80 31.92 43.87 3.13 2.77
Avg. FedGBA 29.50 31.52 42.97 3.08 2.79

Stacking FedGBA 32.30 32.74 44.47 3.75 3.25

LLaMA

Centralized LoRA∗ 35.91 29.18 31.68 4.38 3.99
Avg. FedIT∗ 29.67 29.41 33.43 3.07 3.73

Stacking FLoRA∗ 30.99 29.85 34.26 4.21 3.93
Avg. FedGBA 30.50 30.02 33.97 3.73 3.97

Stacking FedGBA 32.84 31.96 35.27 4.91 4.77

Table 3: Fine-tuning results with ViT Base and Large models on different image classification datasets. We report the accuracy
(%) after 10 epochs. Avg. represents the average accuracy of each method on all datasets. The best performance is shown in bold.

Model Method Agg. Strategy Oxf. Pets Sfd. Cars Cifar-10 DTD EuroSAT FGVC RESISC45 Cifar-100 Avg.

Vi
T-
Ba

se

LoRA Centralized 93.19±0.36 45.38±0.41 98.78±0.05 74.95±0.40 98.44±0.15 25.16±0.16 92.70±0.18 92.02±0.12 77.58
FedIT Avg. 92.15±0.53 45.06±0.28 98.41±0.04 73.77±0.37 98.27±0.14 24.84±0.33 92.52±0.10 91.88±0.14 77.11
FLoRA Stacking 93.21±0.40 46.82±0.85 98.92±0.13 74.98±0.73 98.95±0.19 26.84±0.43 93.10±0.17 92.41±0.15 78.15
FedGBA Avg. 93.14±0.26 46.31±0.24 98.55±0.13 74.39±0.35 98.38±0.14 27.51±0.84 92.97±0.41 92.21±0.16 77.93
FedGBA Stacking 93.65±0.34 47.02±0.45 98.79±0.18 75.10±0.64 98.88±0.15 28.04±0.42 93.76±0.24 93.05±0.17 78.53

Vi
T-
La

rg
e LoRA Centralized 94.82±0.09 73.25±0.36 99.13±0.03 81.79±0.45 98.63±0.07 42.32±0.98 94.71±0.25 94.87±0.10 84.94

FedIT Avg. 93.21±0.34 72.91±0.37 98.79±0.02 81.73±0.26 97.44±0.08 40.62±0.24 92.23±0.21 94.28±0.21 83.90
FLoRA Stacking 94.47±0.44 73.10±0.25 99.25±0.03 82.23±0.41 99.14±0.10 43.45±0.93 94.81±0.07 95.58±0.17 85.25
FedGBA Avg. 94.21±0.21 73.01±0.32 98.92±0.07 81.87±0.31 98.04±0.18 40.92±0.18 93.01±0.41 94.72±0.23 84.33
FedGBA Stacking 95.14±0.04 74.14±0.67 99.12±0.05 82.81±0.54 99.16±0.08 44.28±0.67 95.45±0.27 96.28±0.21 85.79

combined with sufficient client participation and iterations, 2) the

advantage of stacking over averaging for more stable aggregation,

and 3) the importance of proper client selection in FL settings.

6 Experiment Evaluation
Baslines. In our experimental setup, we compare FedGBA against
three key baselines to evaluate its performance comprehensively.

First, we include FedIT, the state-of-the-art federated fine-tuning

method proposed by Zhang et al. [44], which integrates LoRA with

FedAvg and uses averaging as its aggregation strategy. Second, we

consider FLoRA [40], an extension of FedIT that employs a stacking

aggregation strategy instead of averaging, allowing us to assess

the impact of different aggregation methods in federated settings.

Lastly, we include Centralized LoRA, the standard LoRA method

trained in a non-federated, centralized setting, which serves as a

benchmark for comparing federated approaches against traditional

centralized training. This diverse set of baselines enables us to eval-

uate FedGBA’s performance against both federated and centralized

approaches, as well as to understand the effectiveness of its unique

features in the context of existing methods.

Settings.we configured FedGBA with a default rank of 𝑟 = 1, while

setting other FedLoRA’s rank to 𝑟 = 16. To ensure comparability,

we aligned FedGBA’s initial fine-tuning parameters with LoRA’s

configuration, including weight initialization and learning rate, as

outlined by Hu et al. [18]. Wemaintained consistency in the number

of iterations (communication rounds) 𝑇 = 20 across FedGBA and all

baseline models. Our study encompassed two categories of founda-

tion model tasks: Large Language Models (LLMs) and Vision Trans-

formers (ViTs), each evaluated using task-specific benchmarks. For

implementing and assessing baselines, we utilized official GitHub

repositories and libraries (specifically, Wang et al. [40] for LLMs

and Gao et al. [12] for ViTs). We simulated identically distributed

(non-i.i.d.) characteristics typical of federated learning as in [44]

and uniformly select𝑀 = 10 clients in the FL training.

6.1 Instruction Fine-tuning with LLMs
Models & Datasets. In our experiments, we employ three Llama-

based models of varying scales: TinyLLaMA (1.1 billion parame-

ters) [45], Llama (7 billion parameters) [37], allowing us to evaluate

FedGBA across different model capacities. Following the original

LoRA paper [17], we apply LoRA modules to the self-attention

layers only. For our tasks, we utilize several datasets: Databricks-

dolly-15k [29], Alpaca [36], andWizard [26] for question-answering

(QA), andWizard [26] and ShareGPT for the chat assistant task. The

Dolly dataset, generated by Databricks employees, contains 15k di-

verse text samples [45]. Alpaca provides 52K instruction-following

samples for fine-tuning LLMs [36]. The Wizard dataset, used to

train WizardLM, consists of 70k instruction-output pairs featuring

more complex instructions [26]. Lastly, ShareGPT is a collection of

approximately 52,000 conversations scraped via the ShareGPT API,

which we split into question-answering pairs for our experiments.

We evaluate the federated fine-tuned models on MMLU [14] for the

QA task and MT-bench [49] for the chat assistant task, respectively.
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Table 2 compares the performance of different fine-tuning algo-

rithms (Centralized LoRA, FedIT, FLoRA, and the proposed FedGBA)
on two Language Model benchmarks (MMLU and MT-bench) using

two foundation models (Tiny-LLaMA 1B and LLaMA 7B) across

four fine-tuning datasets (Dolly, Alpaca, Wizard, and ShareGPT).

The results consistently show that FedGBA, particularly with stack-

ing aggregation, outperforms other methods across all datasets

and benchmarks for both models, with the performance gain more

pronounced on the larger LLaMA model. Notably, FedGBA with

stacking achieves significant improvements over centralized LoRA,

demonstrating its effectiveness in federated settings. For instance,

on the LLaMA model with the Wizard dataset, FedGBA (stacking)
achieves a score of 35.27 on MMLU, compared to 31.68 for central-

ized LoRA, showcasing a substantial improvement of 3.59 points.

The table also highlights the impact of different aggregation strate-

gies. Across all experiments, stacking consistently outperforms

averaging for both FLoRA and FedGBA. For example, on the LLaMA

model with the Dolly dataset, FedGBA with stacking achieves an

MMLU score of 32.84, while averaging yields 30.50.

6.2 Image Classification Fine-tuning with ViTs
Models & Datasets. We conduct the evaluation of our method

on the image classification task. We employ the Base and Large

versions of the popular CV foundation model, Vision Transformer

(ViT) [9]. The ViTs are pretrained on the ImageNet-21K dataset [33].

The datasets for fine-tuning include OxfordPets

(
37

2
)
, CIFAR10 (10),

DTD (47), EuroSAT (10) and RESISC45 (45) with small label spaces,

as well as StanfordCars (196), FGVC (100) and CIFAR100 (100) with

large label spaces.

Table 3 presents the results of fine-tuning Vision Transformer

(ViT) models on various image classification datasets using differ-

ent methods, comparing LoRA (centralized), FedIT, FLoRA, and

FedGBA (with both averaging and stacking aggregation) on ViT-

Base and ViT-Large models. The results consistently demonstrate

FedGBA’s superior performance, particularly with stacking aggre-

gation, across most datasets for both model sizes. FedGBA often

outperforms centralized LoRA, showcasing its effectiveness in fed-

erated settings without compromising performance. For instance,

on the FGVC dataset with ViT-Large, FedGBAwith stacking achieves
44.28% accuracy, significantly outperforming centralized LoRA

(42.32%) and other federated methods. The method’s success is

evident across diverse datasets, highlighting its versatility and

adaptability to different tasks and domains. Notably, FedGBA with
stacking achieves the highest average accuracy across all datasets

(78.53% for ViT-Base and 85.79% for ViT-Large), underscoring its

overall effectiveness. The performance gap between FedGBA and

other methods tends to widen on more challenging datasets (e.g.,
Stanford Cars, FGVC), suggesting that FedGBA is particularly effec-

tive for complex tasks. Furthermore, the consistent improvement

from ViT-Base to ViT-Large models indicates FedGBA’s scalability
to larger model architectures.

6.3 Understanding the Weak Learner Principle
LoRA Rank. Table 4 shows the role of rank 𝑟 in FedGBA’s weak
learners. FedGBAwith smaller ranks outperforms LoRA (𝑟 = 16) and

FedGBA with larger ranks (𝑟 = 32), corroborating our discussion

0 10 20 30 40 50 60 70
GB iteraion/Comm. round

40

60

80

Ac
c.

FedGBA
FLoRA

Figure 3: Comparison of FedGBA and FLoRA performance
across gradient boosting iterations 𝑇 in federated learning.

Table 4: Performance comparison of FedGBA of ViT-Base with
different rank values (𝑟 ) on image classification. Stacking
aggregation is applied in FedGBA.

Method Rank Oxf. Pets DTD RESISC45 Cifar-100
LoRA

∗ 16 93.19±0.36 74.95±0.40 92.70±0.18 92.02±0.12
FedGBA 32 92.21±0.45 74.05±0.30 92.10±0.34 91.72±0.32
FedGBA 16 93.01±0.40 74.98±0.73 93.10±0.17 92.31±0.31
FedGBA 8 93.33±0.24 74.82±0.23 93.56±0.41 92.81±0.16
FedGBA 4 93.43±0.21 74.89±0.31 93.52±0.21 92.89±0.12
FedGBA 1 93.65±0.34 75.10±0.64 93.76±0.24 93.05±0.17

on weak learner complexity. The strong performance of FedGBA
with low-rank adaptations suggests that combining multiple simple

weak learners can effectively capture complex patterns and improve

generalization. This highlights the ensemble effect in FedGBA, lead-
ing to strong performance while maintaining parameter efficiency.

The GB iteration. Figure 3 compares the performance of FedGBA
and FLoRA across multiple gradient boosting (GB) iterations or

communication rounds in a federated learning setting. The graph

reveals several key advantages of FedGBA that align with claims

made in the paper. Notably, FedGBA’s performance remains stable

over many iterations, while FLoRA’s declines after its peak. This

stability is a crucial illustration of FedGBA’s robustness to overfitting,
which can be directly attributed to its gradient boosting mechanism

and the principle of weak learners. By employing multiple simple

(weak) learners in an ensemble, FedGBA is able to continually refine
its model without risk of overfitting for data since the individual

booster is too simple to overfit, it is very hard to combine them in

a way that the strong ensemble would overfit to training data.

7 Conclusions
We have proposed FedGBA, a novel framework for federated fine-

tuning of foundation models that streamlines the aggregation of

low-rank adaptations through sequential rank-1 updates. Our theo-

retical analysis establishes how this sequential approach minimizes

cross-client interference in aggregation while maintaining strong

convergence guarantees. Extensive experiments on both language

and vision tasks demonstrate that FedGBA not only reduces com-

putational and communication overhead compared to existing fed-

erated methods but also achieves better accuracy across various

datasets and model sizes.
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A Appendix
A.1 Proof of Lemma 5.1

Proof. We proceed in steps:

1) First, let’s consider a single round 𝑡 . The stacking strategy

concatenates the LoRA updates from all selected clients:

Ā(𝑡 ) = [A(𝑡 )
1
, . . . ,A(𝑡 )

𝐾
]

B̄(𝑡 ) = [B(𝑡 )
1
, . . . ,B(𝑡 )

𝐾
]

(23)

2) The true gradient of the global loss can be written as:

∇W(𝑡 )L(W
(𝑡 ) ) = 1

𝑀

𝑀∑︁
𝑚=1

∇W(𝑡 )L𝑚 (W
(𝑡 ) ) (24)

3) The LoRA update for a single client𝑚 approximates its local

gradient. Due to the L-Lipschitz continuity of the local gradients,

we can bound the approximation error:

∥A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 − ∇W(𝑡 )L𝑚 (W

(𝑡 ) )∥𝐹 ≤
𝐿
√
𝑟0

(25)

4) Let’s define the approximation error for a single client:

𝜖
(𝑡 )
𝑚 = ∇W(𝑡 )L𝑚 (W

(𝑡 ) ) − A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 (26)

5) Now, we can express the difference between the true gradient

and the FedGBA approximation:

∇W(𝑡 )L(W
(𝑡 ) ) − Ā(𝑡 ) (B̄(𝑡 ) )𝑇

=
1

𝑀

𝑀∑︁
𝑚=1

∇W(𝑡 )L𝑚 (W
(𝑡 ) ) − 1

𝐾

∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇

=
1

𝑀

𝑀∑︁
𝑚=1

𝜖
(𝑡 )
𝑚 + ©­« 1

𝑀

𝑀∑︁
𝑚=1

− 1

𝐾

∑︁
𝑚∈S𝑡

ª®¬A(𝑡 )𝑚 (B(𝑡 )𝑚 )𝑇
(27)

6) Taking the expectation and using the triangle inequality:

E
[


∇W(𝑡 )L(W(𝑡 ) ) − Ā(𝑡 ) (B̄(𝑡 ) )𝑇 




𝐹

]
≤ E

[




 1

𝑀

𝑀∑︁
𝑚=1

𝜖
(𝑡 )
𝑚







𝐹

]
+ E








©­« 1

𝑀

𝑀∑︁
𝑚=1

− 1

𝐾

∑︁
𝑚∈S𝑡

ª®¬A(𝑡 )𝑚 (B(𝑡 )𝑚 )𝑇







𝐹


(28)

7) For the first term, we can use the 𝐿−Lipschitz continuity

bound:

E

[




 1

𝑀

𝑀∑︁
𝑚=1

𝜖
(𝑡 )
𝑚







𝐹

]
≤ 𝐿
√
𝑀𝑟0

(29)

8) For the second term,we can use standard results from sampling

theory and the gradient bound G:

E








©­« 1

𝑀

𝑀∑︁
𝑚=1

− 1

𝐾

∑︁
𝑚∈S𝑡

ª®¬A(𝑡 )𝑚 (B(𝑡 )𝑚 )𝑇







𝐹

 ≤ 𝐺
√︂
𝑀 − 𝐾
𝐾𝑀

(30)

9) Combining these results for a single round:

E
[


∇W(𝑡 )L(W(𝑡 ) ) − Ā(𝑡 ) (B̄(𝑡 ) )𝑇 




𝐹

]
≤ 𝐿
√
𝐾𝑟0
+𝐺

√︂
𝑀 − 𝐾
𝐾𝑀

(31)

10) Finally, considering T rounds and using the linearity of ex-

pectation and Jensen’s inequality:

E𝑇 ≤
𝐿
√
𝐾𝑟0
+𝐺

√︂
𝑀 − 𝐾
𝐾𝑀

+ 𝛽
√
𝑇

(32)

where the
𝛽√
𝑇
term comes from the 𝛽-smoothness of the global

loss function.

This completes the proof for the stacking strategy. □

A.2 Proof of Lemma 5.2
Proof. We follow a similar approach as in the stacking proof,

with key differences:

1) For the averaging strategy, we have:

Ā(𝑡 ) =
1

𝐾

∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 , B̄(𝑡 ) =
1

𝐾

∑︁
𝑚∈S𝑡

B(𝑡 )𝑚 (33)

2) The difference between the true gradient and the FedGBA
approximation now becomes:

∇W(𝑡 )L(W
(𝑡 ) ) − Ā(𝑡 ) (B̄(𝑡 ) )𝑇

=
1

𝑀

𝑀∑︁
𝑚=1

∇W(𝑡 )L𝑚 (W
(𝑡 ) ) − 1

𝐾2

∑︁
𝑚,𝑛∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑛 )𝑇

(34)

3) We can decompose this further:

=
1

𝑀

𝑀∑︁
𝑚=1

𝜖
(𝑡 )
𝑚 + ©­« 1

𝑀

𝑀∑︁
𝑚=1

− 1

𝐾

∑︁
𝑚∈S𝑡

ª®¬A(𝑡 )𝑚 (B(𝑡 )𝑚 )𝑇
+ 1

𝐾2

∑︁
𝑚≠𝑛∈S𝑡

(A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 − A

(𝑡 )
𝑚 (B

(𝑡 )
𝑛 )𝑇 )

(35)

4) Taking the expectation and using the triangle inequality:

E
[


∇W(𝑡 )L(W(𝑡 ) ) − Ā(𝑡 ) (B̄(𝑡 ) )𝑇 




𝐹

]
≤ E

[




 1

𝑀

𝑀∑︁
𝑚=1

𝜖
(𝑡 )
𝑚







𝐹

]
+ E








©­« 1

𝑀

𝑀∑︁
𝑚=1

− 1

𝐾

∑︁
𝑚∈S𝑡

ª®¬A(𝑡 )𝑚 (B(𝑡 )𝑚 )𝑇







𝐹


+ E








 1

𝐾2

∑︁
𝑚≠𝑛∈S𝑡

(A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 − A

(𝑡 )
𝑚 (B

(𝑡 )
𝑛 )𝑇 )








𝐹


(36)

5) Using the L-Lipschitz continuity and gradient bound:

E

[




 1

𝑀

𝑀∑︁
𝑚=1

𝜖
(𝑡 )
𝑚







𝐹

]
≤ 𝐿
√
𝑟0
E








©­« 1

𝑀

𝑀∑︁
𝑚=1

− 1

𝐾

∑︁
𝑚∈S𝑡

ª®¬A(𝑡 )𝑚 (B(𝑡 )𝑚 )𝑇







𝐹


≤ 𝐺

√︂
𝑀 − 𝐾
𝐾𝑀

(37)

6) For the third term, we can use the fact that A(𝑡 )𝑚 and B(𝑡 )𝑛 are

independent for𝑚 ≠ 𝑛:

E








 1

𝐾2

∑︁
𝑚≠𝑛∈S𝑡

(A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 − A

(𝑡 )
𝑚 (B

(𝑡 )
𝑛 )𝑇 )








𝐹

 ≤
𝐺
√
𝐾

(38)

7) Combining these results for a single round:
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1335
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1372
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1376

1377

1378

1379

1380

1381

1382

1383

1384

1385

1386

1387

1388

1389

1390

1391

1392

E
[


∇W(𝑡 )L(W(𝑡 ) ) − Ā(𝑡 ) (B̄(𝑡 ) )𝑇 




𝐹

]
≤ 𝐿
√
𝑟0
+𝐺

√︂
𝑀 − 𝐾
𝐾𝑀

+ 𝐺
√
𝐾

(39)

8) Finally, considering T rounds and using the linearity of expec-

tation and Jensen’s inequality:

E𝑇 ≤
1

√
𝑇

√√√
𝑇∑︁
𝑡=1

E
[

∇W(𝑡 )L(W(𝑡 ) ) − Ā(𝑡 ) (B̄(𝑡 ) )𝑇 

2

𝐹

]
≤ 𝐿
√
𝑟0
+𝐺

√︂
𝑀 − 𝐾
𝐾𝑀

+ 𝐺
√
𝐾
+ 𝛽
√
𝑇

(40)

where the
𝛽√
𝑇
term comes from the 𝛽-smoothness of the global

loss function.

This completes the proof for the averaging strategy. □

A.3 Proof of Lemma 5.3
Proof. We’ll prove this for both stacking and averaging strate-

gies:

1) Stacking Strategy: In each round t, Ā(𝑡 ) = [A(𝑡 )
1
, . . . ,A(𝑡 )

𝐾
]

∥Ā(𝑡 ) ∥2𝐹 =

𝐾∑︁
𝑘=1

∥A(𝑡 )
𝑘
∥2𝐹 ≤ 𝐾𝐺

2, (41)

since ∥A(𝑡 )
𝑘
∥𝐹 ≤ 𝐺 (from gradient bound). After T rounds:

∥Ā(𝑇 ) ∥𝐹 ≤
𝑇∑︁
𝑡=1

∥Ā(𝑡 ) ∥𝐹 ≤ 𝑇
√︁
𝐾𝐺2 = 𝑂 (𝑇

√
𝐾𝐺) (42)

2) Averaging Strategy: In each round 𝑡 , Ā(𝑡 ) = 1

𝐾

∑𝐾
𝑘=1

A(𝑡 )
𝑘

∥Ā(𝑡 ) ∥𝐹 ≤
1

𝐾

𝐾∑︁
𝑘=1

∥A(𝑡 )
𝑘
∥𝐹 ≤ 𝐺 (43)

After 𝑇 rounds:

∥Ā(𝑇 ) ∥𝐹 ≤
𝑇∑︁
𝑡=1

∥Ā(𝑡 ) ∥𝐹 ≤ 𝑇𝐺 (44)

The same bounds apply to B̄(𝑇 ) by symmetry. □

A.4 Proof of Theorem 5.4
Proof. 1) By 𝛽-smoothness of the loss:

L(W(𝑡+1) ) ≤ L(W(𝑡 ) ) + ⟨∇L(W(𝑡 ) ),ΔW(𝑡 ) ⟩ + 𝛽
2

∥ΔW(𝑡 ) ∥2𝐹
(45)

2) For stacking aggregation:

ΔW(𝑡 ) = −𝜂
∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 (46)

3) Taking expectation:

E[L(W(𝑡+1) )] ≤ E[L(W(𝑡 ) )]

− 𝜂E[⟨∇L(W(𝑡 ) ),
∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 ⟩]

+ 𝛽𝜂
2

2

E[∥
∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 ∥2𝐹 ]

(47)

4) Using Lemma 5.3 to bound the last term:

E[∥
∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 ∥2𝐹 ] ≤ 𝐺

2
(48)

5) For the middle term, using Lemma 5.1:

E[⟨∇L(W(𝑡 ) ),
∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 ⟩]

≥∥∇L(W(𝑡 ) )∥2𝐹 − (
𝐶1

𝑟0
+

√︂
𝑀 − 𝐾
𝐾𝑀

𝐺)∥∇L(W(𝑡 ) )∥𝐹

(49)

6) By strong convexity:

∥∇L(W(𝑡 ) )∥2𝐹 ≥ 2𝜇 (L(W(𝑡 ) ) − L∗) (50)

7) Combining these:

E[L(W(𝑡+1) ) − L∗] ≤ (1 − 2𝜇𝜂) (L(W(𝑡 ) ) − L∗)

+ 𝜂 (𝐶1

𝑟0
+

√︂
𝑀 − 𝐾
𝐾𝑀

𝐺)∥∇L(W(𝑡 ) )∥𝐹

+ 𝛽𝜂
2𝐺2

2

(51)

8) Applying recursively for T iterations and using (1 − 2𝜇𝜂)𝑇 ≤
𝑒−2𝜇𝜂𝑇

:

E[L(W(𝑇 ) ) − L∗] ≤ 𝑒−2𝜇𝜂𝑇 (L(W(0) ) − L∗)

+ (𝐶1

𝑟0
+

√︂
𝑀 − 𝐾
𝐾𝑀

𝐺)
𝑇−1∑︁
𝑡=0

𝑒−2𝜇𝜂 (𝑇−𝑡−1)𝜂∥∇L(W(𝑡 ) )∥𝐹

+ 𝛽𝜂
2𝐺2𝑇

2

(52)

9) Choosing 𝜂 = 1

𝛽𝑇
gives the final result:

E[L(W(𝑇 ) ) − L∗] = 𝑂
(

1

√
𝑇
+ 1

𝑟0
+

√︂
𝑀 − 𝐾
𝐾𝑀

)
(53)

□

A.5 Proof of Theorem 5.5
Proof. 1) Starting with the same 𝛽-smoothness condition:

L(W(𝑡+1) ) ≤ L(W(𝑡 ) ) + ⟨∇L(W(𝑡 ) ),ΔW(𝑡 ) ⟩ + 𝛽
2

∥ΔW(𝑡 ) ∥2𝐹
(54)

2) For averaging aggregation:

ΔW(𝑡 ) = −𝜂 1

𝐾

∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 (55)

3) Taking expectation:

E[L(W(𝑡+1) )] ≤ E[L(W(𝑡 ) )]

− 𝜂E[⟨∇L(W(𝑡 ) ), 1

𝐾

∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 ⟩]

+ 𝛽𝜂
2

2

E[∥ 1

𝐾

∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 ∥2𝐹 ]

(56)
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4) Using Lemma 5.3 for averaging case:

E[∥ 1

𝐾

∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 ∥2𝐹 ] ≤

𝐺2

𝐾
(57)

5) For the gradient term, using Lemma 5.2:

E[⟨∇L(W(𝑡 ) ), 1

𝐾

∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 ⟩]

≥ ∥∇L(W(𝑡 ) )∥2𝐹 − (
𝐶1

𝑟0
+

√︂
𝑀 − 𝐾
𝐾𝑀

𝐺 + 𝐶2√
𝐾
)∥∇L(W(𝑡 ) )∥𝐹

(58)

6) Using strong convexity as before:

∥∇L(W(𝑡 ) )∥2𝐹 ≥ 2𝜇 (L(W(𝑡 ) ) − L∗) (59)

7) Combining these:

E[L(W(𝑡+1) ) − L∗] ≤ (1 − 2𝜇𝜂) (L(W(𝑡 ) ) − L∗)

+ 𝜂 (𝐶1

𝑟0
+

√︂
𝑀 − 𝐾
𝐾𝑀

𝐺 + 𝐶2√
𝐾
)∥∇L(W(𝑡 ) )∥𝐹

+ 𝛽𝜂
2𝐺2

2𝐾
(60)

8) Applying recursively for T iterations:

E[L(W(𝑇 ) ) − L∗] ≤ 𝑒−2𝜇𝜂𝑇 (L(W(0) ) − L∗)

+ (𝐶1

𝑟0
+

√︂
𝑀 − 𝐾
𝐾𝑀

𝐺 + 𝐶2√
𝐾
)
𝑇−1∑︁
𝑡=0

𝑒−2𝜇𝜂 (𝑇−𝑡−1)𝜂∥∇L(W(𝑡 ) )∥𝐹

+ 𝛽𝜂
2𝐺2𝑇

2𝐾
(61)

9) Choosing 𝜂 = 1

𝛽𝑇
gives:

E[L(W(𝑇 ) ) − L∗] = 𝑂
(

1

√
𝑇
+ 1

𝑟0
+

√︂
𝑀 − 𝐾
𝐾𝑀

+ 1

√
𝐾

)
(62)

□

A.6 Proof of Theorem 5.6
Proof. 1) Let W∗ be the weights that exactly represent 𝑓 ∗. The

approximation error can be decomposed as:

E𝒙∼D [(𝑓𝑇 (𝒙) − 𝑓 ∗ (𝒙))2] ≤ ∥W∗ −W(𝑇 ) ∥2𝐹

= ∥W∗ −W(0) −
𝑇∑︁
𝑡=1

ΔW(𝑡 ) ∥2𝐹
(63)

2) For stacking strategy:

ΔW(𝑡 ) =
∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 (64)

3) Using Lemma 5.3, each update is bounded:

∥ΔW(𝑡 ) ∥𝐹 ≤
𝐺
√
𝐾𝑟0
+𝐺

√︂
𝑀 − 𝐾
𝐾𝑀

(65)

4) Over T iterations, using Jensen’s inequality:

∥
𝑇∑︁
𝑡=1

ΔW(𝑡 ) ∥𝐹 ≤
𝐺
√
𝑇

√√√
𝑇∑︁
𝑡=1

∥ΔW(𝑡 ) ∥2
𝐹

(66)

5) This leads to the stacking bound:

E𝒙∼D [(𝑓𝑇 (𝒙) − 𝑓 ∗ (𝒙))2] = 𝑂
(

1

√
𝐾𝑟0
+ 1

√
𝑇
+

√︂
𝑀 − 𝐾
𝐾𝑀

)
(67)

6) For averaging strategy:

ΔW(𝑡 ) =
1

𝐾

∑︁
𝑚∈S𝑡

A(𝑡 )𝑚 (B
(𝑡 )
𝑚 )𝑇 (68)

7) The averaging operation introduces additional variance:

∥ΔW(𝑡 ) ∥𝐹 ≤
𝐺

𝑟0
+𝐺

√︂
𝑀 − 𝐾
𝐾𝑀

+ 𝐺
√
𝐾𝑇

(69)

8) Leading to the averaging bound:

E𝒙∼D [(𝑓𝑇 (𝒙) − 𝑓 ∗ (𝒙))2] = 𝑂
(

1

𝑟0
+ 1

√
𝐾𝑇
+

√︂
𝑀 − 𝐾
𝐾𝑀

)
(70)

□
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